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CORRELATION OF THE RENORMALIZED HILBERT LENGTH
FOR CONVEX PROJECTIVE SURFACES
XIAN DAI AND GIUSEPPE MARTONE
Abstract. In this paper we focus on dynamical properties of (real) convex projective surfaces.
Our main theorem provides an asymptotic formula for the number of free homotopy classes with
roughly the same renormalized Hilbert length for two distinct convex real projective structures. The
correlation number in this asymptotic formula is characterized in terms of their Manhattan curve.
We show that the correlation number is not uniformly bounded away from zero on the space of pairs
of hyperbolic surfaces. In contrast, we provide examples of diverging sequences, defined via cubic
rays, along which the correlation number stays larger than a uniform strictly positive constant.
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1. Introduction
In this paper, we study the correlation of the length spectra of two convex projective structures
ρ1 and ρ2 on a closed connected orientable surface S of genus g ≥ 2. More precisely, we study the
asymptotic behavior of the number of closed curves whose ρ1-length and ρ2-length are roughly the
same. This question was considered in the context of hyperbolic surfaces in [35] (see also [17]), and
more generally for negatively curved metrics in [16, 32].
A (marked real) convex projective structure on the surface S is described by a strictly convex set
Ωρ in the real projective plane which admits a cocompact action by a discrete subgroup of SL(3,R)
isomorphic to Γ = pi1(S). We denote by ρ : Γ → SL(3,R) the corresponding representation and
by Xρ the surface S equipped with the convex projective structure. Goldman [18] proved that the
space of convex projective surfaces C(S) is an open cell of dimension −8χ(S). Hyperbolic structures
on S define, via the projective model of the hyperbolic plane, a −3χ(S)-dimensional subspace of
C(S), called the Teichmu¨ller space.
Every convex projective structure ρ induces a Hilbert length `Hρ for conjugacy classes of group
elements [Γ]. Given c ∈ [Γ], we define `Hρ (c) to be the length of the unique closed geodesic γc with
respect to the Hilbert metric on Xρ that corresponds to the free homotopy class of c on S. The
(marked) Hilbert length spectrum of ρ is the function `Hρ : [Γ]→ R.
We investigate the slightly different notion of renormalized Hilbert length. Denoting the topological
entropy of (the Hilbert geodesic flow of) ρ as
h(ρ) = lim sup
T→∞
1
T
# log{c ∈ [Γ] | `Hρ (c) ≤ T},
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2 DAI AND MARTONE
we define the renormalized Hilbert length spectrum of ρ as LHρ = h(ρ)`
H
ρ . In other words, we
renormalize the Hilbert length by the topological entropy. In the case of hyperbolic structures, the
topological entropy of any hyperbolic structure equals one [20] and the renormalized Hilbert length
coincides with the Hilbert length. The entropy varies continuously on C(S) and it is bounded above
by one. However, there exist sequences of convex projective surfaces along which the entropy goes
to zero [30, 39].
Along these sequences, the Hilbert length spectrum behaves differently from the Hilbert length
spectrum of a hyperbolic structure. For example, the sequences described in [39] are such that
the Hilbert lengths of every homotopically non-trivial closed curve not homotopic to a multiple
of a closed curve in a pair of pants decomposition P goes to infinity, while the length and twist
parameters of the curves in P stay bounded. This motivates us to renormalize the Hilbert length
by the topological entropy, which turns out to be natural when studying dynamical properties of
convex projective surfaces.
Our main theorem concerns the correlation of the renormalized Hilbert length spectra of two
different convex projective structures.
Theorem 1.1 (Correlation Theorem). Fix a precision ε > 0. Consider two convex projective
structures ρ1 and ρ2 on a surface S with distinct renormalized Hilbert length spectra L
H
ρ1 6= LHρ2.
There exist constants C = C(ε, ρ1, ρ2) and M = M(ρ1, ρ2) ∈ (0, 1) such that
#
{
c ∈ [Γ]
∣∣∣LHρ1(c) ∈ (x, x+ h(ρ1)ε), LHρ2(c) ∈ (x, x+ h(ρ2)ε)} ∼ C eMxx3/2 .
where f(x) ∼ g(x) means f(x)/g(x)→ 1 as x→∞.
Remarks 1.2. (1) There is an involution on the space of convex projective structures, called
the contragradient involution. One has that LHρ1 = L
H
ρ2 if and only if ρ2 is ρ1 or the image
via the contragradient involution of ρ1, denoted as ρ
∗
1 [15, 23].
(2) If ρ1 and ρ2 converge to convex projective structures with the same Hilbert length spectrum,
then M(ρ1, ρ2) converges to one. For a fixed ε, if ρ1 and ρ2 converge to convex projective
structures with the same Hilbert length spectrum, then C(ε, ρ1, ρ2) diverges [20].
A key step in our proof of Theorem 1.1 is the following result.
Theorem 1.3 (Independence Theorem). Let ρ1 and ρ2 be convex projective structures with distinct
Hilbert length spectra. If a1, a2 ∈ R are such that a1`Hρ1(c) + a2`Hρ2(c) ∈ Z for every c ∈ [Γ], then
a1 = a2 = 0.
Remarks 1.4. Convex projective structures are examples of Hitchin representations. One can
define algebraically a Hilbert length for a Hitchin representation. In Remark 3.9 we discuss which
parts of our proof of Theorem 1.3 extend to this generalized context.
We refer to the exponent M(ρ1, ρ2) from Theorem 1.1 as the correlation number of ρ1 and ρ2.
One interesting question asked in [35] for the case of the Teichmu¨ller space is whether the correlation
number M(ρ1, ρ2) is uniformly bounded away from zero as its arguments range over all hyperbolic
structures. We answer this question in the negative in Section 5. We prove the following.
Theorem 1.5 (Decay of Correlation Number). There exist sequences (ρn)
∞
n=1 and (ηn)
∞
n=1 in the
Teichmu¨ller space such that the correlation number satisfies
lim
n→∞M(ρn, ηn) = 0.
The sequences in Theorem 1.5 are given by pinching a hyperbolic structure along two different
pants decompositions which are filling. Intuitively, these are two families of hyperbolic structures
diverging from each other in the Teichmu¨ller space thus suggesting a small correlation number when
going to infinity. A key to prove Theorem 1.5 is a characterization of Sharp [37] of the correlation
number in terms of the Manhattan curve [12] of ρ1 and ρ2. Then, we apply a systole inequality ([29,
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Corollary 7.6]) to show that the Manhattan curve as n goes to infinity is not bounded away from
the origin. In Theorem 5.2, we extend Sharp’s characterization to the case of two convex projective
structures.
In Section 6, we study the renormalized Hilbert length spectrum along sequences (ρt)t∈R defined
using cubic differentials that arise from Labourie-Loftin’s parameterization [25, 28, 19] of C(S). In
this case, ρ0 is a hyperbolic structure. Using work of Tholozan [38], we observe in Lemma 6.1
that the renormalized Hilbert length of ρt is bi-Lipschitz to the one of ρ0 with Lipschitz constants
independent of t.
We use this to show that, in contrast to Theorem 1.5, cubic rays provide examples of sequences
(ρt) of convex projective structures such that the correlation number M(ρ0, ρt) is uniformly bouned
away from zero.
Theorem 1.6. Let ρt be a cubic ray. The correlation number M(ρ0, ρt) is uniformly bounded away
from zero as t goes to infinity.
Finally, we use Lemma 6.1 to study the renormalized Hilbert geodesic current (also known as
renormalized Liouville current) along these cubic rays. Geodesic currents are geometric measures
on the space of complete geodesics on the universal cover of S and each geodesic current ν has a
corresponding length spectrum `ν : [Γ] → R≥0. In particular, for each convex projective structure
ρ, the renormalized Hilbert length spectrum is encoded by a geodesic current υρt [5, 10, 29]. Let
Sys(ν) = infc∈[Γ] `ν(c) denote the systole of a geodesic current ν. We prove the following.
Theorem 1.7. As t goes to infinity, the renormalized Hilbert geodesic current υρt along a cubic ray
ρt converges, up to subsequences, to a geodesic current υ with Sys(υ) > 0.
In the case of hyperbolic structures, up to rescaling and passing to subsequences, a sequence of
geodesic currents for hyperbolic structures converges to a geodesic current with vanishing systole.
Burger, Iozzi, Parreau, and Pozzetti [13] show that this fact no longer holds for general sequences
of Hilbert geodesic currents. Theorem 1.7 shows that cubic rays provide a large class of examples
for this new behavior. Furthermore, in [2, Corollary 6.7], it is shown that the convex projective
structures coming from projective triangle groups are examples of cubic rays. Thus, in the context
of convex projective structures, Theorem 1.7 generalizes [13, Theorem 1.12].
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2. Preliminaries
In §2.1, we briefly recall the relevant geometric aspects of the theory of convex projective struc-
tures on surfaces. We refer to [3, 18] for further details and background. In §2.2, we collect
dynamical properties of convex projective surfaces which will play an important role in Sections 4
and 5. We will use geodesic currents in the proof of Theorem 1.5 and in §6. We briefly survey the
theory of geodesic currents in §2.3.
2.1. Convex projective surfaces. A properly convex set Ω in RP2 is a bounded open convex
subset of an affine chart. A properly convex set whose boundary does not contain open line segments
is strictly convex. We equip a strictly convex set Ω with its Hilbert metric dΩ. More precisely, if
x, y ∈ Ω, the projective line xy passing through x and y intersects the boundary of Ω in two points
a, b where a, x, y, b appear in this order along xy. The Hilbert distance between x and y is
dΩ(x, y) =
1
2
log[a, x, y, b]
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where [a, x, y, b] denotes the crossratio of four points on a projective line. With the Hilbert metric,
geodesics are segments of a projective line intersecting Ω. Typically, the Hilbert metric is not
Riemannian, but it derives from a Finsler norm. Thus, one can study the unit tangent bundle T 1Ω.
The main object of interest of this paper are representations ρ : Γ→ SL(3,R) such that ρ(Γ) pre-
serves a properly convex set Ωρ on which it acts properly discontinuously with quotient isomorphic
to the compact surface S. In this case, we say that ρ is a (marked real) convex projective structure
which divides Ωρ. We denote by Xρ the surface S equipped with the convex projective structure ρ.
The Hilbert distance on Ωρ induces the Hilbert length spectrum `
H
ρ for conjugacy classes of group
elements in Γ. Algebraically, if [γ] = c is a conjugacy class in [Γ], then
`Hρ (c) =
1
2
log
λ1(ρ(c))
λ3(ρ(c))
where λ1(ρ(c)) > λ2(ρ(c)) > λ3(ρ(c)) > 0 are the distinct moduli of the eigenvalues of ρ(γ) [18].
Benoist [3] proved that if ρ is a convex projective structure on S, then (Ωρ, dΩρ) is Gromov
hyperbolic, the Gromov boundary and the topological boundary of Ωρ coincide, and ∂Ωρ is of class
C1+α for some α ∈ (0, 1]. In this situation, Ωρ is strictly convex. For a(ny) point o ∈ Ωρ, the orbit
map τo is a quasi-isometric embedding. It follows that the induced limit map between Gromov
boundaries ξρ : ∂Γ → ∂Ωρ is a ρ-equivariant bi-Ho¨lder homeomorphism. In addition, there exists
a ρ-equivariant bi-Ho¨lder homeomorphism θρ : ∂Γ → RP2∗ which associates to each point x ∈ ∂Γ
the projective class of functionals such that ker θρ(x) is the tangent line to ∂Ωρ at ξρ(x). Note that
θρ(x)ξρ(y) = 0 if and only if x = y.
If ρ(Γ) divides a strictly convex set Ωρ in RP2, then ρ∗(Γ) = (ρ(Γ)−1)t divides a (typically
different) strictly convex set Ωρ∗ . We refer to this operation on the space of convex projective
structures as the contragradient involution. Note that the contragradient involution preserves the
Hilbert length, i.e. `Hρ (c) = `
H
ρ∗(c), for all c ∈ [Γ] and that ρ = ρ∗ if ρ is a hyperbolic structure.
2.2. The Hilbert geodesic flow and Thermodynamic formalism. Suppose ρ is a convex
projective surface. The Hilbert geodesic flow Φρ is defined on the unit tangent bundle of the surface
T 1Xρ. The image Φ
ρ
t (w) of a point w = (x, v) is obtained by following the unit speed geodesic for
time t leaving x in the direction v. When it is clear from context, we simply write Φρ as Φ. The
Hilbert geodesic flow Φ on T 1Xρ is a topologically mixing Anosov flow [3]. It can be modeled by
Markov partitions and symbolic dynamics in the sense of [6].
Given a positive Ho¨lder continuous function f : T 1Xρ → R, one can define a reparametrization
of the flow Φ by time change. A detailed construction can be found in [9, Section 3.1]. The new
flow Φf = {Φft }t∈R shares the same set of periodic orbits of Φ. For any periodic orbit τ of Φ with
period λ(τ), its period as a Φf periodic orbit is
λ(f, τ) =
∫ λ(τ)
0
f(Φs(x))ds.
Remark 2.1. Each closed geodesic γ on a convex projective structure ρ is associated with a periodic
orbit τ of Φ. On the other hand, a closed geodesic γ corresponds to a free homotopy class c ∈ [Γ].
We adopt different perspectives depending on necessity in this paper while keeping in mind that they
are the same object described from different points of view.
Let ρ1 and ρ2 be two convex projective structures on a surface S. The next lemma states that
there exists a positive Ho¨lder continuous reparametrization function fρ2ρ1 : T
1Xρ1 → R encoding the
Hilbert length spectrum of ρ2.
Lemma 2.2. Let ρ1 and ρ2 be convex projective structures on a surface S. There exists a positive
Ho¨lder continuous function fρ2ρ1 : T
1Xρ1 → R such that for every periodic orbit τ corresponding to
c ∈ [Γ] one has
λ
(
fρ2ρ1 , τ
)
= `Hρ2(c).
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Proof. This is a standard argument. Let us lift the picture to the universal cover. By [3, Equation
(20)] and since the limit map of ρ1 is bi-Ho¨lder, there exists a Ho¨lder continuous ρ1-equivariant
homeomorphism χ : T 1Ωρ1 → ∂3Ωρ1 where ∂3Ωρ1 is the set of ordered triples of distinct points
in ∂Ωρ1 . Then, from [34, Theorem 3.2 + §5] (see also [11, Proposition 5.21]), we have a Ho¨lder
continuous positive reparametrization gρ2 : ∂3H2 → R of the geodesic flow of a hyperbolic surface
ρ0 with periods `
H
ρ2(c). Considering the Ho¨lder continuous function ξ
(3) : ∂3Ωρ1 → ∂3H2 induced by
the (inverse of the) limit map ξρ1 and the limit map ξρ0 : ∂Γ → ∂H2, we obtain the composition
gρ2 ◦ξ(3) ◦χ is the lift of the desired reparametrization function fρ2ρ1 . The equality λ (fρ2ρ1 , τ) = `Hρ2(c)
follows from equivariance of the limit maps. 
Next we will introduce several important concepts of thermodynamic formalism in our context.
Standard references for thermodynamic formalism and Markov codings are [7, 31].
For a continuous function f : T 1Xρ → R, we define its pressure with respect to Φ as
P (Φ, f) = lim sup
T−→∞
1
T
log
( ∑
τ∈RT
eλ(f,τ)
)
.
where RT := {τ period orbit of Φ | λ(τ) ≤ T}. In particular, the topological entropy h(ρ) is
P (Φ, 0). For simplicity, we omit the geodesic flow Φ and write P (·) = P (Φ, ·).
The pressure can be characterized as follows.
Proposition 2.3 (Variational principle). Denoting the measure-theoretic entropy of Φ with respect
to a measure µ ∈ MΦ as h(µ) = h(Φ, µ), the pressure of a continuous function f : T 1Xρ → R
satisfies
P (f) = sup
µ∈MΦ
(
h(µ) +
∫
fdµ
)
.
Suppose the supremum is attained at some measure µ ∈ MΦ on T 1Xρ. Then we call such a
measure an equilibrium state of f , denoted as µf .
Remark 2.4. (1) For a Ho¨lder continuous function f : T 1Xρ → R, the equilibrium state µf
for f exists and is unique [8, Theorem 3.3.].
(2) The equilibrium state µ0 for f = 0 is called a probability measure of maximal entropy or
Bowen-Margulis measure, denoted as µΦ. The topologically mixing Anosov Hilbert geodesic
flow Φ admits a unique measure of maximal entropy on T 1Xρ which is mixing. See for
instance [21, Section 20].
The following lemma, derived from Abramov’s formula [1], allows us to rescale a reparametrization
function to be pressure zero.
Lemma 2.5. (Sambarino [34, Lemma 2.4], Bowen-Ruelle [8, Proposition 3.1]) For a reparametriza-
tion function f on T 1Xρ, the pressure
P(−hf) = 0
if and only if h = h(Φf ), where h(Φf ) is the topological entropy of the reparametrized flow Φf and
h(Φf ) = lim sup
T→∞
1
T
# log{τ periodic orbit | λ(f, τ) ≤ T}.
We will use Lemma 2.5 in the proofs of Theorems 1.1, Theorem 1.5 and Theorem 1.6.
Remark 2.6. When f = fρ2ρ1 is the reparametrization function defined in Lemma 2.2, we note
h(Φf ) = h(ρ2) is the topological entropy of ρ2.
Finally, we introduce (Livsˇic) cohomology. We say two Ho¨lder continuous functions are (Livsˇic)
cohomologous if there exists a Ho¨lder continuous function V : T 1Xρ → R that is differentiable in
the flow’s direction such that
f(x)− g(x) = ∂
∂t
∣∣∣∣
t=0
V (Φt(x)).
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Remark 2.7. (1) (Livsˇic’s Theorem, [27]) Two Ho¨lder continuous function f and g are coho-
mologous on T 1Xρ if and only if λ(f, τ) = λ(g, τ) for any periodic orbit τ of Φ .
(2) The pressure of a function depends only on its cohomology class.
(3) Two Ho¨lder continuous functions f and g have the same equilibrium state on T 1Xρ if and
only if f − g is cohomologous to a constant c. In this case, we have P (f) = P (g) + c.
2.3. Geodesic currents for convex projective surfaces. Fix an auxiliary hyperbolic structure
m on S. A geodesic current is a Borel, locally-finite, pi1(S)-invariant measure on the set of complete
geodesics of the universal cover S˜. An important example is the geodesic current δc given by Dirac
measures on axes of lifts of a closed geodesics c in S.
The space C(S) of geodesic currents is a convex cone in an infinite dimensional vector space.
Bonahon [4] extended the intersection pairing on closed curves to the space of geodesic currents,
i.e. there exists a positive, symmetric, bilinear pairing
i : C(S)× C(S)→ R≥0
such that i(δc, δd) equals the intersection number of the closed geodesics c and d.
Extending work of Bonahon [5], in [10, 29] it was shown that for each convex projective surface
ρ there exists a Hilbert geodesic current νρ such that for every c ∈ [Γ]
i(νρ, δc) = `
H
ρ (c).
In general, given a geodesic current ν, we can use the intersection number to define its length
spectrum `ν : [Γ]→ R+ as `ν(c) = i(ν, c). The systole of ν is then Sys(ν) := infc∈[Γ] `ν(c). It turns
out [13, Corollary 1.5] that Sys : C(S)→ [0,∞) is a continuous function.
3. The Independence Theorem
In this section we adapt an argument of [16] to prove independence of two Hilbert length spectra.
3.1. Labourie’s crossratio. Labourie [24] introduced a crossratio for quadruple of points in the
boundary of ∂Γ which depends on a convex projective structure ρ. Define the set
∂Γ(4) = {(x, x′, y, y′) | x 6= y′ and x′ 6= y}
and recall that we denote by ξρ : ∂Γ → RP2 the limit map of ρ and by θρ : ∂Γ → RP2∗ the map
which records the tangent lines to ∂Ωρ.
Definition 3.1 (Definition 4.2 and Theorem 5.3 in [24]). Let ρ be a convex projective structure.
The ρ-crossratio of (x, x′, y, y′) in ∂Γ(4) is
Bρ(x, x
′, y, y′) =
ϕxvy
ϕxvy′
· ϕx′vy′
ϕx′vy
,
for some nonzero vectors ϕx ∈ θρ(x), ϕx′ ∈ θρ(x′), vy ∈ ξρ(y), and vy′ ∈ ξρ(y′).
Let us collect some of the properties of the crossratio from [24].
Lemma 3.2. The crossratio is well-defined and Γ-invariant. Moreover,
(1) Let γ ∈ Γ with fixed points γ−, γ+. For any y ∈ ∂Γ− {γ±}, one has
logBρ(γ
−, γ+, γ.y, y) = 2`Hρ (γ).
(2) Let x, x′, x′′, y, y′, y′′ be points in ∂Γ. Then, whenever these crossratios are defined
Bρ(x, x
′′, y, y′) = Bρ(x, x′, y, y′) ·Bρ(x′, x′′, y, y′), and
Bρ(x, x
′, y, y′′) = Bρ(x, x′, y, y′) ·Bρ(x, x′, y′, y′′).
(3) We have limx→x′ Bρ(x, x′, y, y′) = 1.
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Proof. The crossratio is well-defined because it is finite and it does not depend on the choices made.
It is Γ-invariant by ρ-equivariance of ξρ and θρ. Property (1) is proved by [24, Definition 3.3 and
Proposition 5.8], (2) follows from [24, Definition 3.1. (8) + (9)], and (3) is a consequence of the
regularity of ∂Ωρ. 
3.2. Independence of length spectra. We say that two convex projective structures ρ1 and ρ2
are dependent if there exist a1, a2 ∈ R, not both equal to zero, such that a1`Hρ1(c) + a2`Hρ2(c) ∈ Z for
all c ∈ [Γ]. Otherwise, ρ1 and ρ2 are independent. This notion of independence is of a dynamical
nature.
Definition 3.3. Two positive Ho¨lder continuous functions f1, f2 : T
1Xρ → R are dependent if
there exists a1, a2 ∈ R not both equal to zero and a complex valued C1 function u : T 1Xρ → S1
such that a1f1 + a2f2 =
1
2pii
u′
u . Otherwise, f1 and f2 are independent. In particular, f is said to be
independent if f and the constant g ≡ 1 are independent.
Remark 3.4. The integral over a closed orbit of u
′
u is an integer multiple of 2pii. We see via §2.2
that if ρ1 and ρ2 are independent, then the reparametrization function f
ρ2
ρ1 on T
1Xρ1 is independent.
Before proving Theorem 1.3, we will need two technical lemmas.
Lemma 3.5. Consider a, b ∈ Γ with distinct fixed points and let ρ be a convex projective structure.
Then
lim
n→∞ e
2(`Hρ (a
n)+`Hρ (b
n)−`Hρ (anbn)) = Bρ(a−, b−, a+, b+).
Remark 3.6. Lemma 3.5 was proved in [22, Theorem 1] for an, a priori, different crossratio.
Proof. Choose a generic point z ∈ ∂Γ. Then, by Lemma 3.2
e2(`
H
ρ (a
n)+`Hρ (b
n)−`Hρ (anbn)) =
Bρ(a
−, a+, anz, z) ·Bρ(b−, b+, bnz, z)
Bρ((anbn)−, (anbn)+, anbnz, z)
By Lemma 3.2 and Γ-invariance of the crossratio we can expand the denominator as
Bρ((a
nbn)−, (anbn)+, anbnz, z) = Bρ((anbn)−, (anbn)+, anbnz, anz) ·Bρ((anbn)−, (anbn)+, anz, z)
= Bρ((b
nan)−, (bnan)+, bnz, z) ·Bρ((anbn)−, (anbn)+, anz, z)
Since for n large
(bnan)− → a− (bnan)+ → b+ (anbn)− → b− (anbn)+ → a+
the above equalities, imply the following
Bρ(a
−, b−, a+, b+) = lim
n→∞Bρ(a
−, b−, anz, bnz)
= lim
n→∞Bρ(a
−, b−, anz, z) ·Bρ(b−, a−, bnz, z)
= lim
n→∞Bρ((b
nan)−, (anbn)−, anz, z) ·Bρ((anbn)−, (bnan)−, bnz, z)
= lim
n→∞
Bρ((b
nan)−, (anbn)+, anz, z)
Bρ((anbn)−, (anbn)+, anz, z)
· Bρ((a
nbn)−, (bnan)+, bnz, z)
Bρ((bnan)−, (bnan)+, bnz, z)
= lim
n→∞ e
2(`Hρ (a
n)+`Hρ (b
n)−`Hρ (anbn)). 
Lemma 3.7. Consider a convex projective structure ρ, a group element γ ∈ Γ, and x ∈ ∂Γ−{γ±}.
For all y, y′ ∈ ∂Γ−{γ±} there exists a constant C = C(x, y, y′, ρ) which does not depend on k, such
that
Bρ(γ
+, γk(x), y, y′) = 1 + C
(
λ3(ρ(γ))
λ2(ρ(γ))
)k
+ o
(
λ3(ρ(γ))
λ2(ρ(γ))
)k
where λ1(ρ(γ)) > λ2(ρ(γ)) > λ3(ρ(γ)) are the eigenvalues of ρ(γ).
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Proof. We can choose a basis (e1, e2, e3) of R3 such that
ξρ(γ
−) = Span(e3), ξρ(γ+) = Span(e1),
θρ(γ
−) ∩ θρ(γ+) = Span(e2), ξρ(x) = Span(e1 + e2 + e3).
With this normalization ρ(γ) is diagonal. Let us ease notation by setting λi = λi(ρ(γ)). Since
Ωρ is strictly convex and by hypotheses on y, y
′, we can write
ξρ(y) = Span
zw
1
 , ξρ(y′) = Span
z′w′
1
 , θρ(x) = Span([a −(1 + a) 1])
with z, w, z′, w′, a 6= 0. Observe that by ρ-equivariance,
θρ(γ
k(x)) = (ρ(γ)−k)tθρ(x) = Span
([
a
λk3
λk1
−(1 + a)λk3
λk2
1
])
.
Then, we have
Bρ(γ
+, γk(x), y, y′) =
[
0 0 1
] zw
1

[
0 0 1
] z′w′
1
 ·
[
a
λk3
λk1
−(1 + a)λk3
λk2
1
]z′w′
1

[
a
λk3
λk1
−(1 + a)λk3
λk2
1
]zw
1

=
1− (1 + a)w′
(
λ3
λ2
)k
+ az′
(
λ3
λ1
)k
1− (1 + a)w
(
λ3
λ2
)k
+ az
(
λ3
λ1
)k
Set c′ = −(1 + a)w′, c = −(1 + a)w, d′ = az′, d = az, and write
1 + c′
(
λ3
λ2
)k
+ d′
(
λ3
λ1
)k
1 + c
(
λ3
λ2
)k
+ d
(
λ3
λ1
)k = 1 + (c′ − c)
(
λ3
λ2
)k
+ (d′ − d)
(
λ3
λ1
)k
1 + c
(
λ3
λ2
)k
+ d
(
λ3
λ1
)k
= 1 + (c′ − c)
(
λ3
λ2
)k 1 + d′−dc′−c (λ2λ1)k
1 + c
(
λ3
λ2
)k
+ d
(
λ3
λ1
)k
which concludes the proof. 
Remark 3.8. With the notations of Lemma 3.7, note that by taking inverses we have
Bρ(γ
−, γ−k(x), y, y′) = 1 + C˜
(
λ2(ρ(γ))
λ1(ρ(γ))
)k
+ o
(
λ2(ρ(γ))
λ1(ρ(γ))
)k
for some constant C˜ = C˜(x, y, y′, ρ).
We are now ready to prove Theorem 1.3, which we restate for the convenience of the reader.
Theorem 1.3. Let ρ1 and ρ2 be convex projective structures with distinct Hilbert length spectra. If
a1, a2 ∈ R are such that a1`Hρ1(c) + a2`Hρ2(c) ∈ Z for every c ∈ [Γ], then a1 = a2 = 0.
Proof. Assume by contradiction that ρ1, and ρ2 are dependent. By [33, Lemma 4.1], we can assume
there exist nonzero r, s ∈ R such that for all γ ∈ Γ, then `Hρ1(γ) = r`Hρ2(γ) + sz(γ) for z(γ) ∈ Z. Fix
x ∈ ∂Γ − {γ±}. We use an argument from [16] to deduce a relation between the crossratios of ρ1
and ρ2. For completeness, we include this argument here. By Lemma 3.5, we have
Bρ1(a
−, b−, a+, b+) ∈ Bρ2(a−, b−, a+, b+)resZ
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As the set of fixed point pairs (a−, a+), when a ranges over all elements in Γ, is dense in ∂Γ×∂Γ,
for any (x, y, z, w) ∈ ∂Γ(4), we have
Bρ1(x, y, z, w) ∈ Bρ2(x, y, w, z)resZ
Notice lim
k→∞
Bρi(γ
+, γk(x), y, y′) = 1 for i = 1, 2 from Lemma 3.2. Therefore we conclude for k
large and for all y, y′ ∈ ∂Γ which are not in the γ-orbit of x
Bρ1(γ
+, γk(x), y, y′) = Bρ2(γ
+, γk(x), y, y′)r
By hypothesis, there exists γ ∈ Γ such that `Hρ1(γ) 6= `Hρ2(γ). Let λ1 > λ2 > λ3 be the eigenvalues
of ρ1(γ) and let µ1 > µ2 > µ3 be the eigenvalues of ρ2(γ). By Lemma 3.7 one has
Bρ1(γ
+, γk(x), y, y′) = 1 + C
(
λ3
λ2
)k
+ o
(
λ3
λ2
)k
Bρ2(γ
+, γk(x), y, y′)r = 1 + rD
(
µ3
µ2
)k
+ o
(
µ3
µ2
)k
Without loss of generality, assume λ1λ3 <
µ1
µ3
. Then, either λ1λ2 <
µ1
µ2
or λ2λ3 <
µ2
µ3
. Thanks to Remark
3.8, it suffices to consider the case λ2λ3 <
µ2
µ3
. Since Ωρ1 is strictly convex, we can choose y
′ 6= y such
that C 6= 0. But, by the above equalities
C = lim
k→∞
rD
(
µ3
µ2
)k (λ2
λ3
)k
= 0
which is a contradiction. 
Remark 3.9 (Hitchin representations). Convex projective structures are examples of Hitchin rep-
resentations [14, 19]. In this generalized context, there are several well-studied notions of length.
In particular, one can obtain statements analogous to Lemmas 3.5 and 3.7 for the lengths and
crossratios studied in [29, §3].
4. The Correlation Theorem
In this section, we study the length spectra of two convex real projective structures simultaneously.
The idea appeared first in [35] for studying correlation of hyperbolic structures. We adapt their
argument to the context of convex real projective structures. Theorem 4.1, Lalley’s asymptotic
formula for the number of closed orbits of an Axiom A flow under constraints, will be a crucial
ingredient for our proof of Theorem 1.1.
Fix a convex projective surface ρ. Let f : T 1Xρ → R be a Ho¨lder continuous function, consider
the function t → P (tf) for t ∈ R, where P denotes the pressure. This function is analytic and
strictly convex in t when f is not cohomologous to a constant. It satisfies
P ′(tf) :=
d
dt
P (tf) =
∫
fdµtf .
We denote by J(f) the open interval of values P ′(tf). If a ∈ J(f), we let ta ∈ R be the unique real
number for which P ′(taf) =
∫
fdµtaf = a. We will ease notation and set µa = µtaf .
Theorem 4.1 (Theorem I [26], Theorem 1 [36]). Let f : T 1Xρ → R be an independent Ho¨lder
continuous function and let a ∈ J(f). Then, for fixed ε > 0, there is a constant C = C(f, ε) such
that
#{τ : λ(τ) ∈ (x, x+ ε), λ(f, τ) ∈ (ax, ax+ ε)} ∼ C exp(h(µa)x)
x3/2
.
Proof. Because the Hilbert geodesic flow on T 1Xρ is Anosov, it admits a Markov coding with Ho¨lder
roof function. Moreover, the flow is weak-mixing. Thus we can apply Lalley and Sharp’s results. 
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Before we prove Theorem 1.1, we introduce the concepts of pressure intersection and renormalized
pressure intersection.
Definition 4.2. Let ρ1 and ρ2 be two convex projective structures and f = f
ρ2
ρ1 : T
1Xρ1 → R a
reparametrization function defined in Section 2.2. Then, the pressure intersection of ρ1 and ρ2 is
I(ρ1, ρ2) :=
∫
fdµΦρ1 .
where µΦρ1 is the measure of maximal entropy for Φ
ρ1. The renormalized intersection of ρ1 and ρ2
is
J(ρ1, ρ2) :=
h(ρ2)
h(ρ1)
I(ρ1, ρ2).
By Livsˇic’s Theorem, the definitions of pressure intersection and renormalized pressure intersec-
tion do not depend on choices of reparametrization functions [9, §3.4 + §8.1].
Now we are ready to prove our main theorem.
Theorem 1.1. Fix a precision ε > 0. Consider two convex projective structures ρ1 and ρ2 on
a surface S with distinct renormalized Hilbert length spectra LHρ1 6= LHρ2. There exist constants
C = C(ε, ρ1, ρ2) and M = M(ρ1, ρ2) ∈ (0, 1) such that
#
{
c ∈ [Γ] | LHρ1(c) ∈
(
x, x+ h(ρ1)ε
)
, LHρ2(c) ∈
(
x, x+ h(ρ2)ε
)} ∼ C eMx
x3/2
.
where f(x) ∼ g(x) means f(x)/g(x)→ 1 as x→∞.
Proof. Our first goal is to show, for the reparametrization function fρ2ρ1 described in Lemma 2.2,
the value a in Theorem 4.1 can be chosen to be h(ρ1)h(ρ2) and that 0 < h(µa) = h
(
µh(ρ1)
h(ρ2)
)
< h(ρ1). For
simplicity, we will denote the reparametrization function fρ2ρ1 as f . Also, for the purposes of this
proof, we write the Hilbert geodesic flow Φρ1 on T 1Xρ1 as Φ.
Let I(f) := {∫ fdµ | µ is a Φ-invariant measure}. By Lemma 2.5, we have
0 = P (−h(ρ2)f) = h
(
µ−h(ρ2)f
)− ∫ h(ρ2)fdµ−h(ρ2)f
Hence
h(ρ2)
∫
fdµ−h(ρ2)f = h(µ−h(ρ2)f )
and
(4.1)
∫
fdµ−h(ρ2)f =
h(µ−h(ρ2)f )
h(ρ2)
≤ h(ρ1)
h(ρ2)
.
Notice the equality can be attained only when µ−h(ρ2)f = µΦ, where µΦ is the measure of maximal
entropy for the geodesic flow Φ. This happens only if −h(ρ2)f is cohomologous to a constant which
yields the length spectrum `Hρ1 is a multiple of `
H
ρ2 . This is impossible by Theorem 1.3 and therefore
the inequality is strict.
On the other hand, by [9, Proposition 3.8], we have
1 ≤ J(ρ1, ρ2) = h(ρ2)
h(ρ1)
I(ρ1, ρ2) =
h(ρ2)
h(ρ1)
∫
fdµΦ.
This yields
(4.2)
∫
fdµΦ ≥ h(ρ1)
h(ρ2)
.
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Again, the equality is attained only when h(ρ2)f is cohomologous to h(ρ1) which is impossible
for our case. Combining the inequalities 4.1 and 4.2, together with the fact that I(f) is a closed
interval, we conclude
(
h(ρ1)
h(ρ2)
− 2δ, h(ρ1)h(ρ2) + 2δ
)
⊂ I(f) for small δ. Therefore
h(ρ1)
h(ρ2)
t+ |t|δ ∈ tI(f) for all t ∈ R.
The following reasoning is adapted from [35]. From the definition of pressure, one sees P (tf) ≥
supt∈R tI(f) which implies that
P (tf)− h(ρ1)
h(ρ2)
t ≥ |t|δ for all t ∈ R.
The function Q(t) = P (tf) − h(ρ1)h(ρ2) t satisfies Q(0) = h(ρ1) and Q(t) > h(ρ1) when |t| >
h(ρ1)
δ .
Therefore Q(t) has a minimum for some value t ∈ [−h(ρ1)δ , h(ρ1)δ ]. At this point ta0 , one has Q′(ta0) =
0 which is to say that a0 = P
′(ta0f) =
h(ρ1)
h(ρ2)
, as desired.
We know our Anosov Hilbert geodesic flow has positive entropy with respect to any equilibrium
state of a Ho¨lder reparametrization, so 0 < h(µa0) ≤ h(µΦ) = h(ρ1) and the equality occurs if and
only if µa = µΦ is the measure of maximal entropy. But as shown above∫
fdµΦ >
h(ρ1)
h(ρ2)
=
∫
fdµa0 .
This shows that µa0 can not be the Bowen-Margulis measure and hence h(µa0) < h(ρ1). Thanks to
Theorem 1.3 and Theorem 4.1, we can conclude that for ρ1, ρ2 convex projective structures such
that ρ2 6= ρ1, ρ∗1, there exists C˜ = C˜(ρ1, ρ2, ε) such that
#
{
c ∈ [Γ] : `Hρ1(c) ∈ (y, y + ε), `Hρ2(c) ∈
(
h(ρ1)
h(ρ2)
y,
h(ρ1)
h(ρ2)
y + ε
)}
∼ C˜ exp(h(µa0)y)
y3/2
.
Setting x = h(ρ1)y and clearing denominators, we have the desired statement with C = h(ρ1)
3/2C˜
and M =
h(µa0 )
h(ρ1)
∈ (0, 1). 
5. Correlation number, Manhattan curve, and Decay of Correlation number
In this section we focus on the correlation number. In Theorem 5.2 we express the correlation
number in terms of Burger’s Mahnattan curve [12] generalizing the main result in [37]. In section
§5.2 we prove that the correlation number is not uniformly bounded away from zero in C(S).
Specifically, we provide two sequences of hyperbolic structures along which the correlation number
goes to zero, thus answering a question from [35].
5.1. Manhattan curve and Correlation number. Let ρ1 and ρ2 be two convex projective
structures. The Manhattan curve of ρ1, ρ2 is the curve C(ρ1, ρ2) that bounds the convex set{
(a, b) ∈ R2 :
∑
c∈[Γ]
e−[a`
H
ρ1
(c)+b`Hρ2 (c)] < +∞
}
Equivalently [37], the Manhattan curve can be described in terms of the pressure function and the
reparametrization function f = fρ2ρ1 : T
1Xρ1 → R from Lemma 2.2 as
C(ρ1, ρ2) =
{
(a, b) ∈ R2 : P (−a− bf) = 0
}
=
{
(a, b) ∈ R2 : P (−bf) = a
}
.
The next theorem collects some of the properties of the Manhattan curve we will need.
Theorem 5.1.
(1) The Manhattan curve is a real analytic convex curve passing through the points (h(ρ1), 0)
and (0, h(ρ2)).
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(2) At the points (h(ρ1), 0) and 0, h(ρ2)), the normals to the Manhattan curve have slopes
I(ρ1, ρ2) and 1/I(ρ2, ρ1), respectively.
(3) The Manhattan curve is strictly convex if and only if ρ2 6= ρ1, ρ∗1.
Proof. Real analyticity and convexity of the Manhattan curve follows from its definition and real
analyticity of the pressure function. The fact that it passes through (h(ρ1), 0) and (0, h(ρ2)) follows
from Lemma 2.5, and the definition of topological entropy. Item (2) follows from the definition of
pressure intersection. Item (3) follows from item (2), [9, Proposition 3.8] and Theorem 1.3. 
Sharp [37] expressed the correlation number M(ρ1, ρ2) in terms of the Manhattan curve for
hyperbolic structures. We establish an analogous result for convex real projective structures.
Theorem 5.2. Let ρ1 and ρ2 be convex projective structures with distinct renormalized Hilbert
length spectra. Then, their correlation number can be written as
M(ρ1, ρ2) =
a
h(ρ1)
+
b
h(ρ2)
where (a, b) ∈ C(ρ1, ρ2) is the point on the Manhattan curve at which the tangent line is parallel to
the line passing through (h(ρ1), 0) and (0, h(ρ2)). See Figure 1.
0 a
b
h(ρ2)
h(ρ1)
Figure 1. The Manhattan curve and the point (a, b) described in Theorem 5.2
Proof. By the proof of Theorem 1.1, the correlation number is such that h(ρ1)M(ρ1, ρ2) = h(µa0),
where a0 =
∫
fdµa0 =
h(ρ1)
h(ρ2)
. By definition,
h(µa0) = P (ta0f)− ta0
h(ρ1)
h(ρ2)
.
Note that C(ρ1, ρ2) is the graph of a real analytic function q defined implicitly as P (−q(s)f) = s.
Setting q(s) = −ta0 , it follows that
M(ρ1, ρ2) =
P (−q(s)f)
h(ρ1)
+
q(s)
h(ρ2)
=
s
h(ρ1)
+
q(s)
h(ρ2)
.
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The line passing through (h(ρ1), 0) and (0, h(ρ2)) has slope −h(ρ2)h(ρ1) . Observe that
1 =
d
ds
P (−q(s)f) =
(
−
∫
fdµ−q(s)f
)
dq
ds
.
We conclude by recalling that
∫
fdµ−q(s)f =
h(ρ1)
h(ρ2)
. 
Remark 5.3. It follows from strict convexity of the Manhattan curve and Theorem 5.2 that
M(ρ1, ρ2) ∈ (0, 1). This verifies what has been proved in Theorem 1.1 by thermodynamic formalism.
5.2. Decay of correlation number. This section is dedicated to the proof of Theorem 1.5.
Theorem 1.5. There exist sequences (ρn)
∞
n=1 and (ηn)
∞
n=1 in the Teichmu¨ller space such that the
correlation number satisfies
lim
n→∞M(ρn, ηn) = 0.
Proof. For two hyperbolic structures ρ and η, we define
h(ρ, η) = lim
T→∞
1
T
log #{c ∈ [Γ] | `Hρ (c) + `Hη (c) < T}.
Our proof proceeds in two steps. First, we show that lim
n→∞h(ρn, ηn) = 0 for certain families of
hyperbolic structures and then we show that this condition implies that the correlation number
goes to zero as well.
We consider two filling pair-of-pants decompostion (αi) and (βi) on a hyperbolic structure ρ0,
meaning that the complement of their union consists of topological discs. We take (ρn)
∞
n=1 to be a
sequence of hyperbolic structures obtained by pinching all αi on ρ0 such that the hyperbolic length
`ρn(αi) = n with n → 0 when n→∞. Similarly, we take (ηn) to be another sequence of hyperbolic
structures obtained by pinching all βi on ρ0 such that hyperbolic length `ηn(βi) = n. Note in such
cases, we have `Hρn = `ρn and `
H
ηn = `ηn and that the topological entropy h(ρn) = h(ηn) = 1 for all
n. We now proceed to prove lim
n→∞h(ρn, ηn) = 0.
Consider the geodesic current νn given by the sum of the Hilbert currents of ρn and ηn described
in §2.3. Observe that the systole of νn is equal to Ln = inf
c∈[Γ]
{
`Hρn(c) + `
H
ηn(c)
}
. Moreover, note that
h(ρn, ηn) is the exponential growth rate of closed curves for the length spectrum of νn.
For a fixed n, #{c ∈ [Γ] : `Hρn(c)+`Hηn(c) < T} <∞ for all T > 0, thus we can apply [29, Corollary
7.6] to νn. We obtain that there exists a constant C depending only on the topology of S such that
h(ρn, ηn) ≤ C
Ln
.
Therefore to show lim
n→∞h(ρn, ηn) = 0, it suffices to show that limn→∞Ln =∞. Now because of the
filling condition, the geodesic representative of any c ∈ [Γ] must intersect either curves in (αi) or
curves in (βi). By the Collar Lemma, each geodesic reprentative of αi (resp. βi) for ρn (resp. ηn) is
enclosed in a standard collar neighborhood of width approximately log
(
1
n
)
. It is hence clear that
lim
n→∞Ln =∞.
Then we show that lim
n→∞h(ρn, ηn) = 0 implies the correlation number goes to zero as well.
Recall the notation for reparametrization function in Lemma 2.2 and notice that λ(1 + fηnρn , τ) =
`Hρn(c) + `
H
ηn(c) for every periodic orbit corresponding to c ∈ [Γ]. By Lemma 2.5, we have for all n,
P (−h(ρn, ηn)− h(ρn, ηn)fηnρn ) = P (−h(ρn, ηn)(1 + fηnρn )) = 0.
We have that (h(ρn, ηn), h(ρn, ηn)) ∈ C(ρn, ηn) thanks to the characterization of the Manhattan
curve in terms of the pressure function. If the line y + x = 2h(ρn, ηn) is tangent to the Manhattan
curve C(ρn, ηn), then by Theorem 5.2, we obtain M(ρn, ηn) = 2h(ρn, ηn). If not, then the line
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y + x = 2h(ρn, ηn) must intersect C(ρn, ηn) at two points. See Figure 2. Now by the mean value
theorem and the convexity of the Manhattan curve, we have from Theorem 5.2 that there exists
0 < an, bn < 2h(ρn, ηn) such that
M(ρn, ηn) = an + bn < 2h(ρn, ηn).
The result follows from sending n to infinity. 
0 h(ρn, ηn) 2h(ρn, ηn)
2h(ρn, ηn)
h(ρn, ηn)
1
1
Figure 2. The Manhattan curve and the point (h(ρn, ηn), h(ρn, ηn)) described in the proof
of Theorem 1.5
6. The renormalized Hilbert length along cubic rays
Building on work of Hitchin [19], Labourie [25] and Loftin [28] have independently parametrized
C(S) as a vector bundle of holomorphic differentials over the Teichmu¨ller space. Fix a hyperbolic
structure m0 in the Teichmu¨ller space. They show the fiber of C(S) over m0 is parametrized by
holomorphic cubic differentials on m0. In particular, one can fix a nonzero cubic differential q and
consider the associated family of representations (ρt)t∈R in C(S) parametrized by (tq)t∈R. When
t > 0, we call such a family a cubic ray. When the parameter |t| increases to infinity, one thinks
of (ρt)t∈R as “going further away from the Teichmu¨ller space”. In this section, we corroborate this
heuristic statement by studying properties of the renormalized Hilbert length spectrum along cubic
rays.
For the reminder of this section, we ease notation by writing ht = h(ρt) for the topological
entropy, and LHt = L
H
ρt for the renormalized Hilbert length spectrum. With these notations, ρ0 is
the hyperbolic structure associated to m0. The entropy h0 equals 1 and the renormalized Hilbert
length LH0 is the m0-length spectrum.
The following observation follows easily from work of Tholozan [38].
Lemma 6.1. Let (ρt)t∈R be a cubic ray. There exists D > 1 and t0 ≥ 0 such that, for t ≥ t0,
1
D
LH0 ≤ LHt ≤ DLH0 .
Proof. Tholozan [38, Theorem 3.9] proves that there exists B > 1 and t0 ≥ 0 such that, for t ≥ t0,
(6.1)
1
B
t2/3`H0 ≤ `Ht ≤ Bt2/3`H0 .
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In turn, this implies that
#
{
c
∣∣∣ `H0 (c) ≤ 1Bt2/3T
}
≤ #{c | `Ht (c) ≤ T} ≤ #
{
c
∣∣∣ `H0 (c) ≤ Bt2/3T
}
.
Since h0 = 1, the above inequalities imply that
(6.2)
1
Bt2/3
≤ ht ≤ B
t2/3
.
The result follows by taking D = B2 and combining the inequalities 6.1 and 6.2. 
We use Lemma 6.1 to investigate the renormalized Hilbert geodesic current υt = htνρt along
cubic ray ρt. Let us start by showing that the self-intersection of the renormalized Hilbert geodesic
current is uniformly bounded along cubic rays.
Proposition 6.2. There exists C > 1 such that for all t ∈ R
1
C
≤ i(υt, υt) ≤ C
where υt is the renormalized Hilbert geodesic current of ρt.
Proof. Proposition 15 in [5] shows that i(υ0, υ0) = −2piχ(S), where χ(S) is the Euler characteristic
of S. Then, it follows from [10, Corollary 5.2] that
−2piχ(S)
(
inf
c∈[Γ]
LHt (c)
LH0 (c)
)2
≤ i(υt, υt) ≤ −2piχ(S)
(
sup
c∈[Γ]
LHt (c)
LH0 (c)
)2
.
We conclude by applying Lemma 6.1 for t large. 
Bonahon [5] showed that the Thurston boundary of the space of hyperbolic structures can be
identified with the space of projectivized measured laminations. Explicitly, given a diverging se-
quence of hyperbolic structures mt, there exists λt > 0 and a geodesic current α with i(α, α) = 0,
i.e. a measured lamination, such that λtνmt converges up to subsequences to α. In this case, the
systole of α vanishes, i.e.
Sys(α) = inf
c∈[Γ]
i(α, δc) = 0.
Burger, Iozzi, Parreau, and Pozzetti [13] show that there exist sequences of Hilbert geodesic
currents which converge projectively to a current α with Sys(α) > 0. We use Lemma 6.1 to show
that this happens along cubic rays.
Theorem 1.7. As t goes to infinity, the renormalized Hilbert geodesic current υt along a cubic ray
converges, up to passing to a subsequence, to a geodesic current υ with Sys(υ) > 0.
Proof. Suppose (αi) and (βj) are filling pair-of-pants decompositions, i.e. the complement of their
union is a collection of topological discs. Set u =
∑
c∈(αi)∪(βj) δc and let M = maxc∈(αi)∪(βj) L
H
0 (c).
For every t ∈ R, we have
i(υt, u) =
∑
c∈(αi)∪(βj)
LHt (c).
By Lemma 6.1 for t large υt lies in {ν ∈ C(S) | i (ν, u) ≤ (6g − 6)DM} for some D > 1. This set
is compact by [5, Proposition 4] and linearity of the intersection number. Thus, υt converges, up
to passing to a subsequence, to υ ∈ C(S). Applying Lemma 6.1 again, we see that for all t large
Sys(υt) is greater or equal to D
−1Sys(υ0) > 0. By continuity of the systole, we have that Sys(υ) is
strictly positive. 
Finally, in contrast with Theorem 1.5, we show that the correlation number M(ρ0, ρt) for a cubic
ray is uniformly bounded away from zero.
Theorem 1.6. Let ρt be a cubic ray. The correlation number M(ρ0, ρt) is uniformly bounded away
from zero as t goes to infinity.
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Proof. Consider the renormalized Hilbert currents υ0 and υt for ρ0 and ρt, respectively. Let s ∈ [0, 1]
and set the geodesic current ut,s = sυ0 + (1− s)υt. As a first step, we show that the entropy of the
geodesic current ut,s is uniformly bounded away from zero. By Lemma 6.1, there exists D > 1 such
that when t is large, for all c ∈ [Γ]
sLH0 (c) + (1− s)LHt (c) ≤ (s+ (1− s)D)LH0 (c) ≤ DLH0 (c).
Thus, we obtain h(ut,s) ≥ 1D .
Next we want to show this implies the correlation number M(ρ0, ρt) is bounded away from zero.
Note that ρ∗0 = ρ0 6= ρt for t > 0, thus the Manhattan curve C(ρ0, ρt) is strictly convex. The line
y = (1− x)ht intersect in the first quadrant only at the points (1, 0) and (0, ht). It follows that for
every t > 0, and for every s ∈ [0, 1], the straight line connecting (s, (1 − s)ht) and the origin must
intersect C(ρ0, ρt). See Figure 3. By Lemma 2.5,
P (−h(ut,s)s− h(ut,s)(1− s)htfρtρ0 ) = P (−h(ut,s)(s+ (1− s)htfρtρ0 )) = 0
where fρtρ0 is the reparametrization function from Lemma 2.2. It follows from the definition of
the Manhattan curve every point on C(ρ0, ρt) in the first quadrant can be written in the form of
(h(ut,s)s, h(ut,s)(1 − s)ht) for some s ∈ [0, 1]. By Theorem 5.2 and the previous discussion, there
must exist s ∈ (0, 1) such that
M(ρ0, ρt) = h(ut,s)s+
h(ut,s)(1− s)ht
ht
= h(ut,s).
See Figure 3. This concludes the proof since h(ut,s) ≥ D−1 when t is large. 
0
ht
(1− s)ht
(1− s)hth(ut,s)
sh(ut,s) s 1
Figure 3. The Manhattan curve along a cubic ray and the points (s, (1 − s)ht) and
(sh(ut,s), (1− s)hth(ut,s)) from the proof of Theorem 1.6.
References
[1] L. M. Abramov. On the entropy of a flow. Dokl. Akad. Nauk SSSR, 128:873–875, 1959.
[2] D. Alessandrini, G.-S. Lee, and F. Schaffhauser. Hitchin components for orbifolds. Preprint arXiv:1811.05366, to
appear on Journal of the European Mathematical Society, pages 1–40, 2018.
[3] Y. Benoist. Convexes divisibles. I. In Algebraic groups and arithmetic, pages 339–374. Tata Inst. Fund. Res.,
Mumbai, 2004.
[4] F. Bonahon. Bouts des varie´te´s hyperboliques de dimension 3. Ann. of Math. (2), 124(1):71–158, 1986.
[5] F. Bonahon. The geometry of Teichmu¨ller space via geodesic currents. Invent. Math., 92(1):139–162, 1988.
[6] R. Bowen. Symbolic dynamics for hyperbolic flows. Amer. J. Math., 95:429–460, 1973.
[7] R. Bowen. Equilibrium states and the ergodic theory of Anosov diffeomorphisms, volume 470 of Lecture Notes in
Mathematics. Springer-Verlag, Berlin, revised edition, 2008. With a preface by David Ruelle, Edited by Jean-Rene´
Chazottes.
[8] R. Bowen and D. Ruelle. The ergodic theory of Axiom A flows. Invent. Math., 29(3):181–202, 1975.
CORRELATION FOR CONVEX PROJECTIVE SURFACES 17
[9] M. Bridgeman, R. Canary, F. Labourie, and A. Sambarino. The pressure metric for Anosov representations.
Geom. Funct. Anal., 25(4):1089–1179, 2015.
[10] M. Bridgeman, R. Canary, F. Labourie, and A. Sambarino. Simple root flows for Hitchin representations. Geom.
Dedicata, 192:57–86, 2018.
[11] M. Bridgeman, R. Canary, and A. Sambarino. An introduction to pressure metrics for higher Teichmu¨ller spaces.
Ergodic Theory Dynam. Systems, 38(6):2001–2035, 2018.
[12] M. Burger. Intersection, the Manhattan curve, and Patterson-Sullivan theory in rank 2. Internat. Math. Res.
Notices, (7):217–225, 1993.
[13] M. Burger, A. Iozzi, A. Parreau, and M. B. Pozzetti. Currents, Systoles, and Compactifications of Character
Varieties. Preprint arXiv:1902.07680, pages 1–36, 2019.
[14] S. Choi and W. M. Goldman. Convex real projective structures on closed surfaces are closed. Proc. Amer. Math.
Soc., 118(2):657–661, 1993.
[15] D. Cooper and K. Delp. The marked length spectrum of a projective manifold or orbifold. Proc. Amer. Math.
Soc., 138(9):3361–3376, 2010.
[16] F. Dal’bo. Remarques sur le spectre des longueurs d’une surface et comptages. Bol. Soc. Brasil. Mat. (N.S.),
30(2):199–221, 1999.
[17] O. Glorieux. Counting closed geodesics in globally hyperbolic maximal compact AdS 3-manifolds. Geom. Dedicata,
188:63–101, 2017.
[18] W. M. Goldman. Convex real projective structures on compact surfaces. J. Differential Geom., 31(3):791–845,
1990.
[19] N. J. Hitchin. Lie groups and Teichmu¨ller space. Topology, 31(3):449–473, 1992.
[20] H. Huber. Zur analytischen Theorie hyperbolischer Raumformen und Bewegungsgruppen. II. Math. Ann.,
142:385–398, 1960/61.
[21] A. Katok and B. Hasselblatt. Introduction to the modern theory of dynamical systems. Cambridge University
Press, 1995.
[22] I. Kim. Marked length rigidity of rank one symmetric spaces and their product. Topology, 40(6):1295–1323, 2001.
[23] I. Kim. Rigidity and deformation spaces of strictly convex real projective structures on compact manifolds. J.
Differential Geom., 58(2):189–218, 2001.
[24] F. Labourie. Cross ratios, surface groups, PSL(n,R) and diffeomorphisms of the circle. Publ. Math. Inst. Hautes
E´tudes Sci., (106):139–213, 2007.
[25] F. Labourie. Flat projective structures on surfaces and cubic holomorphic differentials. Pure Appl. Math. Q., 3(4,
Special Issue: In honor of Grigory Margulis. Part 1):1057–1099, 2007.
[26] S. P. Lalley. Distribution of periodic orbits of symbolic and Axiom A flows. Adv. in Appl. Math., 8(2):154–193,
1987.
[27] A. N. Livsˇic. Cohomology of dynamical systems. Izv. Akad. Nauk SSSR Ser. Mat., 36:1296–1320, 1972.
[28] J. C. Loftin. Affine spheres and convex RPn-manifolds. Amer. J. Math., 123(2):255–274, 2001.
[29] G. Martone and T. Zhang. Positively ratioed representations. Comment. Math. Helv., 94(2):273–345, 2019.
[30] X. Nie. On the Hilbert geometry of simplicial Tits sets. Ann. Inst. Fourier (Grenoble), 65(3):1005–1030, 2015.
[31] W. Parry and M. Pollicott. Zeta functions and the periodic orbit structure of hyperbolic dynamics. Aste´risque,
(187-188):268, 1990.
[32] M. Pollicott and R. Sharp. Correlations of length spectra for negatively curved manifolds. Comm. Math. Phys.,
319(2):515–533, 2013.
[33] M. Pollicott and R. Sharp. Length asymptotics in higher Teichmu¨ller theory. Proc. Amer. Math. Soc., 142(1):101–
112, 2014.
[34] A. Sambarino. Quantitative properties of convex representations. Comment. Math. Helv., 89(2):443–488, 2014.
[35] R. Schwartz and R. Sharp. The correlation of length spectra of two hyperbolic surfaces. Comm. Math. Phys.,
153(2):423–430, 1993.
[36] R. Sharp. Prime orbit theorems with multi-dimensional constraints for Axiom A flows. Monatsh. Math., 114(3-
4):261–304, 1992.
[37] R. Sharp. The Manhattan curve and the correlation of length spectra on hyperbolic surfaces. Math. Z., 228(4):745–
750, 1998.
[38] N. Tholozan. Volume entropy of Hilbert metrics and length spectrum of Hitchin representations into PSL(3,R).
Duke Math. J., 166(7):1377–1403, 2017.
[39] T. Zhang. The degeneration of convex RP2 structures on surfaces. Proc. Lond. Math. Soc. (3), 111(5):967–1012,
2015.
Department of Mathematics, Rice University, Houston, TX 77005
Email address: xian.dai@rice.edu
Department of Mathematics, University of Michigan, Ann Arbor, MI 41809
Email address: martone@umich.edu
